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a b s t r a c t
An octagon quadrangle [OQ ] is the graph consisting of an 8-cycle (x1, x2, . . . , x8) with the
twoadditional edges {x1, x4} and {x5, x8}. An octagon quadrangle systemof orderv and index
λ [OQS or OQSλ(v)] is a pair (X,H), where X is a finite set of v vertices and H is a collection
of edge disjoint OQs (blocks) which partition the edge set of λKv defined on X . In this paper
(i) C4-perfect OQSλ(v), (ii) C8-perfect OQSλ(v) and (iii) strongly perfect OQSλ(v) are studied
for λ = 10, that is the smallest index for which the spectrum of the admissible values of
v is the largest possible. This paper is the continuation of Berardi et al. (2010) [1], where
the spectrum is determined for λ = 5, that is the index for which the spectrum of the
admissible values of v is the minimum possible.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Let G = (V , E) be a graph with n vertices. A λ-fold G-design of order v is a pair Σ = (X, C), where X is a finite set
of v elements, called vertices, and C is a partition of the edge-set of the complete graph λKv in classes which generate
graphs all isomorphic to G. Often the integer λ is called the index of the system. A λ-fold G-design of order v is also called a
G-decomposition of the complete graph λKv .
In recent years, G-decompositions of λKv have been examined mainly in the case in which G is a polygon with
some chords forming an inside polygon whose sides join vertices at distance two. Many results can be found at first
in [2,10,12,9,14] and after in [3,8,11]. Recently, dexagon triple systems have been studied in [13]. Generally, in these papers,
the authors determine the spectrum of the corresponding systems and study problems of embedding.
In [5,4,6,7], Lucia Gionfriddo studied G-decompositions, where G is a polygon with chords which determine at least a
quadrangle. Further, these polygons have the property of nesting C4-systems, kite-systems, etc. In particular, in [7] she has
studied perfect dodecagon quadrangle systems: in that paper the blocks are dodecagons with chords which join vertices at
distance three, dividing the dodecagon into five quadrangles.
In [1] the authors, following this idea, studied octagon quadrangle systems having indices with the minimum admissible
values, proving that in all the possible cases their spectrum is always S = {v ∈ N : v ≡ 0 or 1,mod 4, v ≥ 8}. In this paper
the authors study octagon quadrangle systemswith those indices for which the spectrum is the largest admissible among all.
This paper is the natural continuation of [1].
2. Some definitions
The graph given in Fig. 1 is called an octagon quadrangle and will be also denoted by [(x1), x2, x3, (x4), (x5), x6, x7, (x8)].
The cycle (x1, x4, x5, x8)will be the inside C4-cycle, while the cycle (x1, x2, x3, x4, x5, x6, x7, x8)will be the outside cycle.
✩ Lavoro eseguito nell’ambito di un progetto PRIN 2008.∗ Corresponding author.
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Fig. 1. Octagon quadrangle.
An octagon quadrangle system of order v and index λ, briefly an OQSλ, is a pair Σ = (X, B), where X is a finite set of v
vertices and B is a collection of edge disjoint octagon quadrangles, called blocks, which partition the edge set of λKv , defined
on the vertex set X . An OQSλ of order v is said to be simple if it has no repeated blocks.
An octagon quadrangle systemΣ = (X, B) of order v and index λ is said to be:
(i) C4-perfect, if all of the inside C4-cycles contained in the octagon quadrangles form a µ-fold 4-cycle system of
order v;
(ii) C8-perfect, if all of the outside C8-cycles contained in the octagon quadrangles form a ϱ-fold 8-cycle system of
order v;
(iii) strongly perfect, if the collection of all of the inside C4-cycles contained in the octagon quadrangles form aµ-fold 4-cycle
system of order v and the collection of all of the outside C8-cycles contained in the octagon quadrangles form a ϱ-fold
8-cycle system of order v.
In the first two cases, we can say that the system has indices (λ,µ) or (λ, ϱ) respectively, in the third case we say that
the system has indices (λ, ϱ, µ).
It is immediate that any system of order v and index 2k can be obtained from a system of the same type of the same order
and index k, by a repetition of the blocks. In this paper we will never use this technique and we will always consider simple
OQSs, which are usually G-designs without repeated blocks.
In the following exampleswepresent cyclic or 1-rotationalOQSs. The vertex set is Zv for v oddor Zv−1∪{∞} for v even. The
collectionB of octagon quadrangles consists of all the translates of some base blocks, where the translations of a base block
B = [(a), b, c, (d), (α), β, γ , (δ)] are all the blocks of the form B+i = [(a+i), b+i, c+i, (d+i), (α+i), β+i, γ+i, (δ+i)],
with i ∈ Zv in the former case or i ∈ Zv−1 in the latter with the rule that∞+ i = ∞ for every i ∈ Zv−1.
This terminology and symbolism will be used also in the following sections.
Example 1. The following blocks define a strongly perfect OQS10(13): the inside C4-cycles form a C4-system of index µ = 4
and the outside C8-cycles form a C8-system of index ϱ = 8.
Base blocks (mod 13):
[(0), 5, 9, (3), (7), 4, 2, (1)], [(0), 8, 4, (10), (6), 9, 11, (12)],
[(0), 10, 5, (1), (7), 6, 8, (2)], [(0), 3, 8, (12), (6), 7, 5, (11)],
[(0), 6, 10, (2), (7), 4, 5, (3)], [(0), 7, 3, (11), (6), 9, 8, (10)].
Example 2. The following blocks define a C4-perfect, but not C8-perfect, OQS10(8): the inside C4-cycles form a C4-system of
index µ = 4 and the outside C8-cycles do not form a C8-system of index ϱ = 8.
Base blocks (mod 7):
[(4),∞, 2, (5), (3), 6, 0, (1)],
[(6),∞, 4, (3), (2), 0, 5, (1)],
[(∞), 6, 1, (0), (4), 3, 5, (2)],
[(∞), 4, 1, (2), (6), 3, 5, (0)].
where∞ is a fixed vertex and all the others are obtained cyclically in Z7.
Example 3. The following blocks define a C8-perfect, but not C4-perfect, OQS10(8): the outside C8-cycles form a C8-system of
index ϱ = 8, but the inside C4-cycles do not form a C4-system of index µ = 4:
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Base blocks (mod 7):
[(0),∞, 5, (6), (2), 3, 1, (4)],
[(6),∞, 4, (3), (2), 0, 5, (1)],
[(∞), 6, 1, (0), (4), 3, 5, (2)],
[(∞), 2, 6, (4), (3), 5, 1, (0)].
where∞ is a fixed vertex and all the others are obtained cyclically in Z7.
3. Necessary existence conditions for perfect OQSλs with a large spectrum
In this section we prove some necessary existence conditions for perfect OQSλs.
Theorem 3.1. LetΩ = (X, B) be a strongly perfect OQSλ of order v and let Σ1 = (X, B1),Σ2 = (X, B2) be the outside C8-system
and the inside C4-system, respectively of indices ρ,µ. If the systemsΩ, Σ1,Σ2 have indices (λ, ϱ, µ), respectively, then:
(i) λ = 5 · k, ϱ = 4 · k, µ = 2 · k,
for some positive integer k;
(ii) the spectrum for a strongly perfect OQSλ is a subset of
S = {v ∈ N : v ≥ 8}
and the corresponding minimum values of the indices for which the spectrum is the largest possible among all are:
λ = 10, ϱ = 8, µ = 4.
Proof. If Ω = (X, B) is a strongly perfect OQSλ of order v, Σ1 = (X, B1) and Σ2 = (X, B2) the outside C8-system and the
inside C4-system respectively of indices (ϱ, µ), since |B| = |B1| = |B2|, then necessarily:
λ
5
= ϱ
4
= µ
2
so statement (i) follows, as does the conditions on the parameters in statement (ii). In order for an 8-cycle to exist it is
necessary that v ≥ 8. 
The same conditions are obtained in the case of C4-(non- C8)-perfect OQSλs and C8-(non-C4)-perfect OQSλs.
4. Existence of particular octagon systems of minimum possible indices
In [1] we determined the following perfect octagon quadrangle systems, which we will use in Section 5.
Theorem 4.1. The following systems are strongly perfect OQS5s of order 8, 9, 12, 13.
(i) Σ9 = (Z9, B), base blocks (mod 9):
[(2), 1, 7, (0), (4), 8, 5, (3)], [(2), 7, 0, (6), (8), 3, 4, (5)].
(ii) Σ13 = (Z13, B), base blocks (mod 13):
[(3), 12, 10, (9), (7), 5, 8, (2)], [(7), 0, 5, (9), (12), 8, 3, (11)], [(10), 7, 6, (0), (8), 5, 3, (4)].
(iii) Σ8 = (W8, B), W8 = Z7 ∪ {∞},∞ ∉ Z7, base blocks (mod 7):
[(4),∞, 6, (5), (3), 0, 2, (1)], [(∞), 0, 3, (1), (2), 6, 4, (5)].
(iv) Σ12 = (W12, B), W12 = Z11 ∪ {∞},∞ ∉ Z11, base blocks (mod 11):
[(∞), 3, 8, (2), (10), 6, 5, (7)], [(3),∞, 4, (8), (2), 10, 0, (1)], [(9), 6, 0, (2), (3), 10, 7, (5)]. 
Theorem 4.2. The following systems are C4-perfect, but not C8-perfect, OQS5s of order 8, 9, 12, 13.
(i) Ω9 = (Z9, B), base blocks (mod 9):
[(0), 4, 3, (1), (5), 6, 8, (2)], [(0), 3, 8, (1), (5), 4, 7, (2)].
(ii) Ω13 = (Z13, B), base blocks (mod 13):
[(0), 1, 10, (7), (2), 8, 5, (11)], [(0), 5, 11, (1), (6), 7, 2, (4)], [(0), 8, 10, (1), (4), 2, 6, (7)].
(iii) Ω8 = (W8, B), W8 = Z7 ∪ {∞},∞ ∉ Z7, base blocks (mod 7):
[(0),∞, 6, (1), (4), 3, 5, (2)], [(∞), 5, 6, (3), (0), 4, 2, (1)].
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(iv) Ω12 = (W12, B), W12 = Z11 ∪ {∞},∞ ∉ Z11, base blocks (mod 11):
[(∞), 7, 10, (6), (1), 2, 3, (0)], [(0),∞, 5, (1), (6), 8, 10, (2)], [(0), 1, 8, (3), (6), 12, 10, (4)]. 
Theorem 4.3. The following systems are C8-perfect, but not C4-perfect, OQS5s of order 8, 9, 12, 13.
(i) ∆9 = (Z9, B), base blocks (mod 9):
[(0), 1, 6, (4), (5), 8, 7, (2)], [(0), 3, 5, (2), (7), 1, 6, (8)].
(ii) ∆13 = (Z13, B), base blocks (mod 13):
[(0), 8, 10, (1), (4), 2, 6, (7)], [(0), 8, 12, (7), (6), 9, 3, (1)], [(8), 11, 4, (10), (5), 2, 0, (9)].
(iii) ∆8 = (W8, B), W8 = Z7 ∪ {∞},∞ ∉ Z7, base blocks (mod 7):
[(4),∞, 2, (5), (3), 6, 0, (1)], [(∞), 3, 1, (0), (2), 6, 4, (5)].
(iv) ∆12 = (W12, B), W12 = Z11 ∪ {∞},∞ ∉ Z11, base blocks (mod 11):
[(∞), 8, 7, (9), (5), 1, 6, (4)], [(2),∞, 9, (0), (6), 7, 1, (9)], [(0), 5, 8, (7), (4), 6, 2, (10)]. 
5. Existence of particular simple OQSs of index 10
In this section we give some systems that are useful in what follows. We examine the cases v = 8, 9, 10, 11, 12, 13,
14, 15. Observe that, in the cases v = 8, 9, 12, 13, the existence of OQS10(v)s can be obtained from OQS5(v)s, by a repetition
of blocks.
Theorem 5.1. There exist simple strongly perfect OQS10 s of order 8, 9, 10, 11, 12, 13, 14, 15.
Proof. (i) Let Γ8 = (W8, B) be the 1-rotational system whose base blocks are the following:
[(4),∞, 2, (5), (3), 6, 0, (1)],
[(∞), 6, 1, (0), (4), 3, 5, (2)],
[(6),∞, 4, (3), (2), 0, 5, (1)],
[(∞), 2, 6, (4), (3), 5, 1, (0)].
We can verify that Γ8 is a strongly perfect OQS10(8), without repeated blocks.
(ii) Let Γ9 = (Z9, B) be the cyclic system whose base blocks are the following:
[(0), 3, 7, (4), (2), 1, 6, (8)],
[(0), 1, 3, (8), (4), 2, 5, (6)],
[(0), 6, 2, (5), (7), 8, 3, (1)],
[(0), 8, 6, (1), (5), 7, 4, (3)].
We can verify that Γ9 is a strongly perfect OQS10(9), without repeated blocks.
(iii) Let Γ10 = (W10, B) be the 1-rotational system whose base blocks are the following:
[(∞), 0, 8, (6), (2), 5, 7, (3)],
[(7),∞, 2, (1), (0), 6, 8, (4)],
[(2), 6, 3, (4), (1), 8, 5, (0)],
[(∞), 1, 2, (4), (3), 7, 8, (5)],
[(6),∞, 3, (2), (4), 7, 5, (1)].
We can verify that Γ10 is a strongly perfect OQS10(10).
(iv) Let Γ11 = (Z11, B) be the cyclic system whose base blocks are the following:
[(3), 1, 9, (2), (8), 0, 6, (10)],
[(9), 5, 10, (1), (6), 8, 7, (0)],
[(8), 9, 5, (3), (4), 7, 10, (0)],
[(10), 4, 1, (2), (9), 3, 6, (0)],
[(0), 2, 3, (10), (1), 7, 9, (8)].
We can verify that Γ11 is a strongly perfect OQS10(11).
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(v) Let Γ12 = (W12, B) be the 1-rotational system whose base blocks are the following:
[(∞), 3, 8, (2), (10), 6, 5, (7)],
[(3),∞, 4, (8), (2), 10, 0, (1)],
[(9), 6, 0, (2), (3), 10, 7, (5)],
[(∞), 3, 9, (4), (7), 0, 1, (10)],
[(8),∞, 7, (3), (9), 1, 0, (10)],
[(2), 5, 0, (9), (8), 1, 4, (6)].
We can verify that Γ12 is a strongly perfect OQS10(12), without repeated blocks.
(vi) Let Γ13 = (Z13, B) be the cyclic system whose base blocks are the following:
[(0), 9, 7, (6), (4), 2, 5, (12)],
[(7), 0, 5, (9), (12), 8, 3, (11)],
[(10), 7, 6, (0), (8), 5, 3, (4)],
[(0), 4, 6, (7), (9), 11, 8, (1)],
[(6), 0, 8, (4), (1), 5, 10, (2)],
[(3), 6, 7, (0), (5), 8, 10, (9)].
We can verify that Γ13 is a strongly perfect OQS10(13), without repeated blocks.
(vii) Let Γ14 = (W14, B) be the 1-rotational system whose base blocks are the following:
[(∞), 11, 0, (3), (8), 1, 6, (2)],
[(1),∞, 12, (0), (9), 11, 6, (3)],
[(5), 10, 4, (8), (7), 1, 12, (3)],
[(∞), 3, 4, (9), (12), 6, 5, (1)],
[(7),∞, 4, (12), (8), 2, 11, (0)],
[(10), 11, 9, (6), (5), 8, 12, (2)],
[(10), 4, 12, (11), (1), 2, 0, (3)].
We can verify that Γ14 is a strongly perfect OQS10(14).
(viii) Let Γ15 = (Z15, B) be the cyclic system whose base blocks are the following:
[(4), 10, 2, (14), (7), 13, 5, (1)],
[(5), 9, 10, (8), (2), 14, 7, (0)],
[(9), 4, 2, (13), (1), 0, 3, (11)],
[(7), 9, 0, (4), (12), 13, 8, (3)],
[(4), 14, 7, (5), (6), 9, 8, (2)],
[(11), 2, 1, (13), (7), 3, 5, (0)],
[(2), 3, 5, (1), (0), 10, 13, (7)].
We can verify that Γ15 is a strongly perfect OQS10(15). 
In the following, given an OQ-system Φ and two octagon quadrangles b′, b′′, with b′ a block of Φ , we will indicate by
Φ − ⟨b′⟩ + ⟨b′′⟩ the OQ-system obtained by replacing all the translates of b′ inΦ with all the translates of b′′.
Theorem 5.2. : There exist C4-(non-C8)- perfect OQS10s of order 8, 9, 10, 11, 12, 13, 14, 15.
Proof. If, for each v = 8, 9, 12, 13, we put together the blocks of Σv defined in Theorem 4.1 and the blocks ofΩv defined
in Theorem 4.2, we obtain an OQS10(v)with the requested property.
For v = 10, consider the system Γ10 of Theorem 5.1. The system
Γ ∗10 = Γ10 − ⟨[(∞), 1, 2, (4), (3), 7, 8, (5)]⟩ + ⟨[(∞), 8, 6, (5), (3), 2, 7, (4)]⟩
is a C4- perfect OQS10(10), but not C8-perfect.
For v = 11, consider the system Γ11 of Theorem 5.1. The system
Γ ∗11 = Γ11 − ⟨[(10), 4, 1, (2), (9), 3, 6, (0)]⟩ + ⟨[(0), 3, 9, (8), (6), 1, 7, (10)]⟩
is a C4- perfect OQS10(11), but not C8-perfect.
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For v = 14, consider the system Γ14 of Theorem 5.1. The system
Γ ∗14 = Γ14 − ⟨[(∞), 11, 0, (3), (8), 1, 6, (2)]⟩ + ⟨[(∞), 3, 1, (11), (5), 12, 4, (0)]⟩
is a C4- perfect OQS10(14), but not C8-perfect.
For v = 15, consider the system Γ15 of Theorem 5.1. The system
Γ ∗15 = Γ15 − ⟨[(2), 3, 5, (1), (0), 10, 13, (7)]⟩ + ⟨[(2), 3, 5, (1), (8), 14, 4, (7)]⟩
is a C4- perfect OQS10(15), but not C8-perfect. 
Theorem 5.3. There exist C8-(non-C4)-perfect OQS10s of order 8, 9, 10, 11, 12, 13, 14, 15.
Proof. If, for each v = 8, 9, 12, 13, we put together the blocks of Σv defined in Theorem 4.1 and the blocks of ∆v defined
in Theorem 4.3, we obtain an OQS10(v)with the requested property.
For v = 10, consider the system Γ10 of Theorem 5.1. The system
Γ ∗∗10 = Γ10 − ⟨[(∞), 1, 2, (4), (3), 7, 8, (5)]⟩ + ⟨[(∞), 1, 2, (0), (3), 7, 6, (5)]⟩
is a C8- perfect OQS10(10), but not C4-perfect.
For v = 11, consider the system Γ11 of Theorem 5.1. The system
Γ ∗∗11 = Γ11 − ⟨[(10), 4, 1, (2), (9), 3, 6, (0)]⟩ + ⟨[(1), 7, 10, (9), (4), 0, 5, (2)]⟩
is a C4-perfect OQS10(11), but not C8-perfect.
For v = 14, consider the system Γ14 of Theorem 5.1. The system
Γ ∗∗14 = Γ14 − ⟨[(∞), 11, 0, (3), (8), 1, 6, (2)]⟩ + ⟨[(∞), 4, 9, (3), (7), 10, 2, (0)]⟩
is a C8-perfect OQS10(14), but not C4-perfect.
For v = 15, consider the system Γ15 of Theorem 5.1. The system
Γ ∗∗15 = Γ15 − ⟨[(2), 3, 5, (1), (0), 10, 13, (7)]⟩ + ⟨[(2), 3, 5, (1), (0), 10, 13, (8)]⟩
is a C8- perfect OQS10(15), but not C4-perfect. 
6. Construction v→ v+ 8 for OQSs of index 10
In this section we give a construction for OQSs having index 10 for all possible orders.
Theorem 6.1. A strongly perfect OQS10 of order v + 8 can be constructed starting from a strongly perfect OQS10 of order v.
Proof. Let A = {1′, 2′, 3′, 4′, 5′, 6′, 7′, 8′}, Zv = {0, 1, 2, . . . , v − 1}, where A ∩ Zv = ∅. Let Σ = (Zv, B), Σ ′ = (A, B′) be
two strongly perfect OQS10. Define in Zv ∪ A the family H of octagon quadrangles as follows:
[(1′), i, 2′, (i+ 1), (3′), i+ 2, 4′, (i+ 3)], [(1′), i+ 1, 2′, (i+ 2), (3′), i+ 3, 4′, (i+ 4)],
[(4′), i, 1′, (i+ 1), (2′), i+ 2, 3′, (i+ 3)], [(4′), i+ 1, 1′, (i+ 2), (2′), i+ 3, 3′, (i+ 4)],
[(5′), i, 6′, (i+ 1), (7′), i+ 2, 8′, (i+ 3)], [(5′), i+ 1, 6′, (i+ 2), (7′), i+ 3, 8′, (i+ 4)],
[(8′), i, 5′, (i+ 1), (6′), i+ 2, 7′, (i+ 3)], [(8′), i+ 1, 5′, (i+ 2), (6′), i+ 3, 7′, (i+ 4)],
where i belongs to Zv .
If X = Zv ∪ A and C = B ∪ B′ ∪ H , thenΩ = (X, C) is a strongly perfect OQS10 of order v + 8.
If x, y ∈ Zv [resp. A], then the edge {x, y} is in a block of B [resp. B′]: exactly in ten octagon quadrangles, in eight outside
C8-cycles and in four inside C4-cycles.
If x ∈ Zv and y ∈ A, then the edge {x, y} is contained in the octagon quadrangles of H . Each vertex y ∈ A has degree 3 in
2v blocks and degree 2 in the other 2v blocks, also the edge {x, y} is contained exactly in ten octagon quadrangles of H , in
eight outside C8-cycles and in four inside C4-cycles.
We also observe that the number of blocks of C is:
|C | = |B| + |B′| + |H| = v(v − 1)
2
+ 8 · 7
2
+ 8 · v = 1
2
· (v2 + 15v + 56),
which is exactly the number of blocks of an OQS10(v + 8) of indices (10, 8, 4):
(v + 8)(v + 7)
2
= 1
2
· (v2 + 15v + 56).
So, the proof is complete. 
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Theorem 6.2. A C4-(non-C8)-perfect OQS10 of order v + 8 can be constructed starting from a C4-perfect OQS10 of order v.
Proof. LetΣ , H be defined as in Theorem 6.1 and letΣ ′ = (Z7 ∪ {∞}, B′) be the 1-rotational OQS10(8) whose base blocks
are the following:
[(0),∞, 4, (1), (2), 3, 5, (6)],
[(∞), 5, 3, (6), (4), 0, 2, (1)].
[(0),∞, 3, (6), (5), 4, 2, (1)],
[(∞), 2, 4, (1), (3), 0, 5, (6)].
Following the proof of Theorem 6.1, sinceΣ ′ is a C4-perfect OQS10(8), but it is not C8-perfect, the statement is proved. 
Theorem 6.3. A C8-(non-C4)-perfect OQS10 of order v + 8 can be constructed starting from a C4-perfect OQS10 of order v.
Proof. LetΣ , H be defined as in Theorem 6.1 and letΣ ′ = (Z7 ∪ {∞}, B′) be the 1-rotational OQS10(8) whose base blocks
are the following:
[(0),∞, 5, (1), (6), 2, 3, (4)],
[(∞), 3, 1, (0), (2), 6, 4, (5)].
[(0),∞, 2, (6), (1), 5, 4, (3)],
[(∞), 4, 6, (0), (5), 1, 3, (2)].
Following the proof of Theorem 6.1, sinceΣ ′ is a C8-perfect OQS10(8), but it is not C4-perfect, the statement is proved. 
7. Conclusive existence theorems for OQSs of index 10
Collecting together the results of the previous sections, we have the following conclusive theorems:
Theorem 7.1. There exist strongly perfect OQS10(v) s for every positive integer v, v ≥ 8.
Proof. The statement follows from Theorems 5.1 and 6.1. 
Theorem 7.2. There exist C4-(non-C8)- perfect OQS10(v) s, for every positive integer v, v ≥ 8.
Proof. The statement follows from Theorems 5.2 and 6.2. 
Theorem 7.3. There exist C8-(non-C4)- perfect OQS10(v) s, for every positive integer v, v ≥ 8.
Proof. The statement follows from Theorems 5.3 and 6.3. 
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